Abstract. We investigate the relationship between various generalizations of von Neumann regularity condition and the condition that every prime ideal is maximal in exchange rings.
Introduction
Throughout this paper R denotes an associative ring with identity and J(R) always stands for the Jacobson radical of a ring R.
According to Crawley Warfield [18] called a ring R exchange if R R has the exchange property and proved that this definition is right-left symmetric. The first elementwise characterization of exchange rings was given by Monk [14] : R is an exchange ring if and only if for every a ∈ R, there exist b, c ∈ R such that bab = b and c(1 − a)(1 − ba) = 1 − ba. Nicholson [15] gave another characterization of exchange rings: R is an exchange ring if and only if R/J(R) is an exchange ring and idempotents can be lifted modulo J(R) if and only if for any a ∈ R, there exists an idempotent e ∈ aR such that 1 − e ∈ (1 − a)R.
Note that every homomorphic image of exchange rings is exchange. But a subring of exchange rings needs not to be an exchange ring. For example, Q the set of all rational numbers is an exchange ring but the subring Z the set of all integers is not exchange. For, if e 2 = e ∈ 3Z, then e = 0. But 1 − 0 = 1 / ∈ (1 − 3)Z = 2Z. Moreover, the following example shows that there exists an exchange ring R which is finitely generated as a right S-module, where S is a subring of R and S is not exchange.
Example 0.1. Let R = Mat 3 (Q) be the ring of all 3 × 3 matrices over the set of all rational numbers Q. Then R is semisimple Artinian and so R is exchange. Let
Then S is a subring of R and R is finitely generated as a right S-module.
In fact, we have R = Then 0 is the only idempotent contained in aS. However 1 S / ∈ (1 S −a)S. Therefore S is not exchange.
In general, all idempotents of a ring R need not to be lifted modulo J(R). For example, let R = { a b ∈ Q | b is relatively prime to 6}. Then the idempotents 3 and 4 are cannot be lifted modulo J(R) = 6R. However, if I is a nil ideal of a ring R, then idempotents can be lifted modulo I, but there exists a non-exchange ring R with J(R) nil, for example the ring Z of all integers.
The class of exchange rings is quite large. It includes all local rings, all von Neumann regular rings and all semiperfect rings. Moreover, it properly contains the class of π-regular rings which is one of the generalizations of von Neumann regular rings.
On the other hand, the relationship between various generalizations of von Neumann regularity and the condition that every prime ideal is maximal have been investigated by many authors [3, 4, 7, 8, 11, 17 and 20, etc.] . The first clearly established equivalence between a generalization of von Neumann regularity and the maximality of prime ideals seems to have been made by Storrer [17] in the following result: If R is a commutative ring with identity then R is π-regular if and only if every prime ideal of R is maximal. Storrer's result was extended to PIrings, right duo rings and bounded weakly right duo rings [7, 8 and 19] , respectively. Moreover, Hirano [8] proved that if R is a 2-primal ring, then R is π-regular if and only if every prime ideal of R is a maximal one-sided ideal. Birkenmeier, Kim and Park [3] showed that if R is a 2-primal ring, then every prime ideal of R is maximal if and only if R/P(R) is right weakly π-regular, where P(R) is the prime radical of R. These results were mainly explained the relation between the π-regularity and the maximality of prime ideals of rings.
In this paper, we investigate the connection between various generalizations of von Neumann regularity and the condition that every prime ideal is maximal in exchange rings.
Preliminaries and Examples
Recall that a ring R is called to be (strongly) π-regular if for every x ∈ R there exists a positive integer n, depending on x, such that (
. Strong π-regularity is right-left symmetric. R is called to be right (lef t) weakly π-regular if for every x ∈ R there exists a positive integer n, depending on x, such that x
. R is weakly π-regular if it is both right and left weakly π-regular. Note that π-regular rings are weakly π-regular rings but the converse is not true.
In general, π-regular rings are exchange rings [16, Example 2.3] . However, the following example shows that the converse does not hold (also see [15, Example 1.7] ). Recall that a ring R is called to be right (resp. left) quasi-duo if every maximal right (resp. left) ideal of R is an ideal. R is called to be abelian if every idempotent of R is central.
The class of right quasi-duo rings and the class of exchange rings do not depend on each other. For example, the ring Z of all integers is a (right) quasi-duo ring, but it is not exchange. Conversely, we consider the ring of all 2 × 2 matrices, Mat 2 (F ), over a field F . Then it is an exchange ring, but it is not right quasi-duo. However, every abelian exchange ring is a right quasi-duo ring by [5 
Observe that the ring R, in Example 1.1, is abelian exchange but it is not right weakly π-regular. The following example shows that there exists an abelian right weakly π-regular ring which is not exchange. Thus even if the class of exchange rings properly contains the class of π-regular rings, it does not contain the class of (abelian) right weakly π-regular rings. Example 1.2. Let D be a simple domain which is not a division ring. Consider a ring
Then it can be easily checked that R is abelian. Also, R is right weakly π-regular. For, if x ∈ P(R), where P(R) is the prime radical of R, then x 2 = 0 and hence
Thus α + β = 1 for some α ∈ RxR and β ∈ P(R). But β 2 = 0 and so 1 = (α + β) 2 ∈ RxR. Hence x ∈ xRxR and so R is right weakly π-regular. Note that a ring is right quasi-duo if and only if every factor ring modulo a right primitive ideal is a division ring. Now,
is a simple domain, but it is not a division ring. So R is not a right quasi-duo ring. Moreover, R is not exchange because R is abelian.
The following example shows that there exists an abelian exchange ring R (and so R/J(R) is exchange) with J(R) nil. However R/J(R) is not right weakly π-regular. Example 1.3. Let Q denote the rational numbers and L the ring of all rational numbers with odd denominators. Define
with componentwise operations. Then R is a commutative exchange ring with zero Jacobson radical. However R/J(R) is not right weakly π-regular. For, let α = Stock [16] called a ring R right (resp. left) P -exchange if every projective right (resp. left) R-module has the exchange property. Observe that P -exchange rings are exchange rings. Recently, Birkenmeier, Kim and Park [4] showed that if R is an abelian right P -exchange ring, then R is weakly π-regular.
Recall that a ring R is called to be weakly right duo if for each a ∈ R there is a positive integer n = n(a), depending on a, such that a n R is an ideal of R [19] . Note that every weakly right duo ring is an abelian right quasi-duo ring by [19 
The fact "every abelian exchange ring is a right quasi-duo ring" and Proposition 1.4 suggest that abelian exchange rings may be weakly right duo. However, the following example shows that this is not true. Thus the condition "right P -exchange ring" cannot be replaced by the condition "exchange ring" in Proposition 1.4 and Corollary 1.5.
.
Next consider the skew power series ring R = S [[x; σ] ], every element is of the form ∞ n=1 a n x n over S and only subject to xa = σ(a)x for a ∈ S, where x is the indeterminate. Then R is an integral domain and so 0 and 1 are the only idempotents of R; hence R is abelian. Moreover R is local and so it is exchange with J(R) = Rx not nil, therefore it is right quasi-duo. However, R is not weakly right duo.
Main results
Now, we study the relationship between the exchange property and the maximality of prime ideals of rings.
The following example shows that the condition "R is an exchange ring" is not equivalent to the condition "every prime ideal of R is maximal". 
Then it can be easily checked that R is π-regular and so it is exchange. But (0) is a prime ideal of R which is not maximal.
(2) The ring R, in Example 1.2, is not exchange and so it is not π-regular. But every prime ideal of R is maximal because the prime radical P(R) is the unique maximal ideal of R.
Let P(R), N r (R) and N(R) be the prime radical, the unique maximal nil ideal and the set of all nilpotent elements of R, respectively.
In [20] , Yu proved that if R is a right quasi-duo ring, then N(R) ⊆ J(R). However, there exists a ring R which satisfies the condition "N(R) ⊆ J(R)" or "N 2 (R) ⊆ J(R)" where N 2 (R) denotes the set of all nilpotent element of bounded index 2, but R is not right quasi-duo. For example, the ring R, in Example 1.2, is not right quasi-duo, but
Recall that a ring R is called to be 2-primal if P(R) = N(R) [2] . We refer to [3] , [4] , [8] , [10] , [11] and [12] for more details on 2-primal rings. Observe that R is a 2-primal ring if and only if P(R) = N r (R) = N(R) if and only if P(R) is a completely semiprime ideal of R (i.e., a 2 ∈ P(R) implies a ∈ P(R) for a ∈ R). Also, N r (R) = N(R) if and only if N r (R) is completely semiprime. Observe that the class of rings which satisfies N r (R) = N(R) properly contains the class of 2-primal rings (see Example 2.9). Clearly, if R is 2-primal, then N 2 (R) ⊆ P(R). The converse does not hold by [ 
. But S is a prime ring and N(S) = N 2 (S). Since N r (R)/P(R) ⊆ N(S), we have a 2 = 0 for all a ∈ N r (R)/P(R). By [11, Lemma 11] , aSa = 0. Since S is prime, a = 0 which is a contradiction. Therefore P(R) = N 2 (R) = N r (R), but N r (R) N(R).
However we have the following result. Proposition 2.3. Let R be an exchange ring. Then the following statements are equivalent:
Proof. (
Proof. (1)⇒ (2)⇔ (3) and (1)⇒ (4)⇒ (5): These are obvious. (2)⇒ (6) and (5) (1): Since R is a right quasi-duo ring whose prime ideals are maximal, N(R) ⊆ J(R) = P(R) and so P(R) = N(R). Therefore R is 2-primal.
Observe that the condition "all prime ideals are maximal" in Corollary 2.4 is not superfluous by the following example and Example 2.9.
Recall that a ring R is said to be of bounded index (of nilpotency) if there exists a positive integer n such that a n = 0 for all nilpotent elements a of R. (1) R is strongly π-regular. The rings R, in Example 2.1 (1) and (2), show that the condition "R is a ring of bounded index" and the condition "R is an exchange ring" in Theorem 2.6 are not superfluous, respectively.
Corollary 2.7. Let R be a ring of bounded index. Then the following statements are equivalent:
(1) R is strongly π-regular.
R is exchange whose prime ideals are maximal.
Proof. It follows directly from Theorem 2.6.
The condition "every prime ideal of R is maximal" in Corollary 2.7(3) is not superfluous by Example 2.5. Also, the condition "R is π-regular" in Corollary 2.7(2) cannot be replaced by the condition "R is right weakly π-regular" by Example 1.2. In fact, the ring R, in Example 1.2, is right weakly π-regular of bounded index 2 which is not exchange, thus R is not π-regular. Observe that every prime ideal of R is maximal because P(R) is the unique maximal ideal of R. Moreover, the condition "R is a ring of bounded index" cannot be dropped from Corollary 2.7. In fact, the ring R = End F (V ), where V is an infinite dimensional vector space over a field F . Then R is a von Neumann regular ring of no bounded index. Thus R is π-regular, but it is not strongly π-regular.
Note that if R is an exchange ring of bounded index, then every primitive factor ring of R is Artinian. However, the condition "R is a ring of bounded index" in Theorem 2.6 and Corollary 2.7 cannot be replaced by the condition "every primitive factor ring of R is Artinian" by Example 2.9. (1) R is strongly π-regular. Consider a ∈ R = R/P(R). Since R is right weakly π-regular, there exists a positive integer n such that a n = a n r for some r ∈ Ra
. Then a n (1−r) = 0 and so a n ∈ P(R). Since R is 2-primal, a ∈ P(R) and hence J(R) is nil. Related to (5) and (6) in Theorem 2.8, we noted that there exists a 2-primal ring whose prime ideals are maximal, but it is neither right nor left weakly π-regular [3, Example 12 ].
The following example shows that there exists an abelian exchange (and so right quasi-duo) ring R which is not 2-primal such that R/J(R) is right weakly π-regular and J(R) is nil, but R contains a prime ideal which is not maximal. Hence the condition "R is 2-primal" in Theorem 2.8 is not superfluous and cannot be replaced by the condition "N r (R) = N(R)". (1), u(2) , . . . . Now let A be the ring obtained from U by adjoining the identity map of G. Let R = A ⊗ Z Q, where Z is the integers and Q is the rational numbers. Then R is a strongly π-regular right quasi-duo ring which satisfies N r (R) = N(R), but it is not 2-primal. Thus R is an exchange ring such that R/J(R) is right weakly π-regular and J(R) is nil. However, there exists a prime ideal of R which is not maximal. Note that R is of no bounded index and it is a local ring. Moreover, every primitive factor ring of R is Artinian because R is right quasi-duo. Proof. Since R is an abelian exchange ring, it is right quasi-duo. By [11, Theorem 7] , R/J(R) is strongly π-regular and so R/J(R) is strongly regular. Thus for each x ∈ R, there exists y ∈ R such that x − xyx ∈ J(R). Denote x + J(R) byx. Since R is exchange, every idempotent can be lifted to an idempotent of R. Then there exists e Recall that a ring R is called to be biregular if for each x ∈ R, the ideal RxR is generated by a central idempotent. Biregular rings are right weakly π-regular rings. Note that the biregularity of a ring R implies that all prime ideals of R are maximal, while the converse is not true in general.
Corollary 2.11. Let R be an abelian exchange ring. The following statements are equivalent:
(2) R is π-regular. (3) R/P(R) is π-regular.
